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WEIGHTED PLB-SPACES OF CONTINUOUS FUNCTIONS ARISING AS TENSOR
PRODUCTS OF A FRE´CHET AND A DF-SPACE
SVEN-AKE WEGNER a
ABSTRACT. Countable projective limits of countable inductive limits, so-called PLB-spaces, of weighted
Banach spaces of continuous functions have recently been investigated by Agethen, Bierstedt and Bonet, who
analyzed locally convex properties in terms of the defining double sequence of weights. We complement their
results by considering a defining sequence which is the product of two single sequences. By associating these
two sequences with a weighted Fre´chet, resp. LB-space of continuous functions or with two weighted Fre´chet
spaces (by taking the reciprocal of one of the sequences) we derive a representation of the PLB-space as the
tensor product of a Fre´chet and a DF-space and exhibit a connection between the invariants (DN) and (Ω) for
Fre´chet spaces and locally convex properties of the PLB-space resp. of the forementioned tensor product.
1. INTRODUCTION
Agethen, Bierstedt, Bonet [2] investigated the structure of spaces of continuous functions defined on a lo-
cally compact and σ -compact topological space that can be written as a countable intersection of countable
unions of weighted Banach spaces of continuous functions. These spaces were introduced and studied for
the first time in Agethen’s thesis [1]; they are examples of so-called PLB-spaces, i.e. countable projective
limits of countable inductive limits of Banach spaces. Spaces of this type arise naturally in analysis, for
instance the space of distributions, the space of real analytic functions and several spaces of ultradistribu-
tions are of this type. In fact, all the forementioned spaces are even PLS-spaces, that is the linking maps
in the inductive spectra of Banach spaces are compact and some of them even appear to be PLN-spaces
(i.e. the linking maps are nuclear). During the last years the theory of PLS-spaces has played an important
role in the application of abstract functional analytic methods to several classical problems in analysis. In
particular there was an intense research on tensor products of PLS-spaces motivated by the problem of pa-
rameter dependence of solutions of PDE, see e.g. Bonet, Doman´ski [10, 12], Doman´ski [15] and Piszczek
[26]. We refer to the survey article [14] of Doman´ski for applications, examples and further references.
Many of the applications reviewed by Doman´ski [14] are based on the theory of the so-called first derived
functor of the projective limit functor. This method has its origin in the application of homological algebra
to functional analysis. The research on this subject was started by Palamodov [23, 24] in the late sixties
and carried on since the mid eighties by Vogt [31] and many others. We refer to the book of Wengen-
roth [38], who laid down a systematic study of homological tools in functional analysis and in particular
presents many ready-for-use results concerning concrete analytic problems. In particular, [38, section 5]
illustrates that for the splitting theory of Fre´chet or more general locally convex spaces, the consideration
of PLB-spaces which are not PLS-spaces is indispensable.
Agethen, Bierstedt, Bonet [2] described locally convex properties (i.e. ultrabornologicity and barrelled-
ness) of weighted PLB-spaces of continuous functions in terms of the defining double sequence of weights
by using the theory of the derived projective limit functor Proj1, which we mentioned already above. In
addition they studied the interchangeability of projective and inductive limit, i.e. the question when the
PLB-spaces are equal to the weighted LF-spaces of continuous functions introduced by Bierstedt, Bonet
[6]. Moreover, the work of Agethen, Bierstedt, Bonet exhibits that certain spaces of linear and continuous
operators between Ko¨the echelon spaces as well as certain tensor products of a Ko¨the echelon and a co-
echelon space happen to be weighted PLB-spaces of continuous functions, see [2, section 4].
In this paper we complement the results of [2] by considering the following special situation. We assume
that the domain of the functions in the PLB-space is the product of two topological spaces and that the
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defining double sequence of weights is the product of an increasing and a decreasing (single) sequence on
each of the two topological spaces. By taking the reciprocal of the decreasing sequence we can associate
the double sequence with two weighted Fre´chet spaces of continuous functions. This enables us to exhibit
a connection between locally convex properties of the PLB-space and the invariants (DN) and (Ω) for
Fre´chet spaces. The latter were introduced by Vogt [29] and Vogt, Wagner [35] and play a prominent role
in the structure theory of Fre´chet spaces, see for instance the book [22] of Meise, Vogt. In particular we
establish a criterion for ultrabornologicity of the PLB-spaces formulated in terms of (DN) and (Ω). Taking
no reciprocals the two sequences give rise to a weighted Fre´chet and a weighted LB-space of continuous
functions. In analogy to the case of sequence spaces (cf. [2, section 4]) we show that the ε-tensor product
of these two spaces is isomorphic to the PLB-space defined by the double sequence explained above if we
assume the decreasing sequence to be regularly decreasing (see Bierstedt, Meise, Summers [8, Definition
2.1]). Combining these results we finally obtain a criterion for the ultrabornologicity of the tensor product
of a weighted Fre´chet space of continuous functions and a weighted LB-space of continuous functions.
The underlying general question of determining topological properties of the tensor product of a Fre´chet
space and a DF-space was raised by Grothendieck in the last section of his the`se [17]. He investigated
the case of pi-tensor products of echelon and coechelon spaces of order one, see [17, Chapitre II, §4, No.
3, Theorem 15]. His results inspired many authors to further studies; see Varol [28, Section 0] for refer-
ences and a generalization of Grothendieck’s original result to the case of pi-tensor products of a Ko¨the
coechelon space of order one and arbitrary Fre´chet spaces ([28, Theorem 2.1]). Varol [28, Theorem 2.7]
investigated in addition the case of ε-tensor products of Ko¨the coechelon spaces of order zero and arbi-
trary Fre´chet spaces. Note that also the classical result [17, Chapitre II, §4, No. 3, Corollaire 2] (see also
Bonet, Pe´rez Carreras [25, Proposition 11.6.13]) of Grothendieck on the ultrabornologicity of s′ ⊗ˆpi s is
a result on an ε-tensor product of a Fre´chet space and a DF-space due to the nuclearity of s. Indeed, a
certain nuclearity assumption is also the key point in results of Piszczek [26] (cf. also Doman´ski [15]) on
tensor products of PLS-spaces. As we explain at the end of Section 4, the latter results can be used in our
situation; in fact [26, Theorem 6 and Theorem 9] provide criteria for tensor products of FS- and LS-spaces
to be ultrabornological if at least one of them is nuclear.
We refer the reader to [8] for weighted spaces of continuous functions and to [19, 20, 21, 22, 25] for the
general theory of locally convex spaces.
2. NOTATION AND PRELIMINARY RESULTS
Let X be a locally compact and σ -compact topological space. By C(X) we denote the space of all contin-
uous functions on X and by Cc(X) the subspace of all functions with compact support. A weight on X is
a strictly positive and continuous function on X . We consider a double sequence A = ((aN,n)n∈N)N∈N of
weights on X which is decreasing in n and increasing in N, i.e. aN,n+1 6 aN,n 6 aN+1,n holds for all N and
n. This condition will be assumed on the double sequence A in the rest of this article. We define
C(aN,n)0(X) := { f ∈C(X) ; aN,n| f | vanishes at ∞ on X }.
Recall that a function g : X → R is said to vanish at infinity on X if for each ε > 0 there is a compact
set K in X such that |g(x)| < ε for all x ∈ X\K. The spaces C(aN,n)0(X) are Banach spaces for the
norms ‖ f‖N,n := supx∈X aN,n(x)| f (x)|, f ∈C(aN,n)0(X). By the definition of these norms, C(aN,n)0(X)⊆
C(aN,n+1)0(X) holds with continuous inclusion for all N and n and we can define for each N the weighted
inductive limit
(AN)0C(X) := indn C(aN,n)0(X).
The latter space needs not to be regular. By Bierstedt, Meise, Summers [8, Theorem 2.6] it is regular if and
only if it is complete and this is in turn equivalent to the fact that the sequenceAN := (aN,n)n∈N is regularly
decreasing, see [8, Definition 2.1]. We refer to the latter article for more details on this condition. For
each N we have (AN+1)0C(X)⊆ (AN)0C(X) with continuous inclusion. Hence,A0C := ((AN)0C(X))N∈N
is a projective spectrum of LB-spaces with inclusions as linking maps and we can form the following
projective limit, called weighted PLB-space of continuous functions
(AC)0(X) := projN(AN)0C(X),
which is the object of our study in this article. Since the space of continuous functions with compact
support is contained in (AN)0C(X) and since it is dense in each Banach space C(aN,n)0(X), it follows that
the projective limit (AC)0(X), or rather the projective spectrum A0C, is strongly reduced in the sense of
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[38, Definition 3.3.5]. In fact it is a reduced projective limit in the sense of Ko¨the [20, p. 120], which is a
stronger condition.
We refer the reader to the book of Wengenroth [38] for a detailed exposition of the theory of projective
spectra of locally convex spacesX= (XN)N∈N, their projective limits projN XN , the derived functor Proj
1X
and for conditions to ensure that the derived functor of a projective spectrum vanishes, i.e. that we have
Proj1X = 0, including important results by Palamodov [23, 24], Retakh [27], Braun, Vogt [13], Vogt
[31, 33], Frerick, Wengenroth [16] and many others. At this point we only mention that, if X= (XN)N∈N
is a projective spectrum of locally convex spaces with inclusions as linking maps and limit X = projN XN ,
the so-called fundamental resolution
0→ X →
∞
∏
N=1
XN
σ→
∞
∏
N=1
XN ,
where σ((xN)N∈N) :=(xN+1−xN), is exact but σ is not necessarily surjective, what directs to the definition
Proj1X :=
( ∞
∏
N=1
XN
)/
imσ .
For more details see Wengenroth [38, Chapter 3].
In [34] Vogt introduced the condition (wQ). In the case of weighted PLB-spaces one can reformulate this
condition in terms of the weights as follows. We say that the sequence A satisfies (wQ) if
∀N ∃M > N, n ∀K >M, m ∃ k, S > 0 : 1aM,m 6max
( S
aN,n
, SaK,k
)
.
We have the following result concerning homological properties of the spectrum A0C and locally convex
properties of (AC)0(X), which is due to Agethen, Bierstedt, Bonet [2].
Theorem 1. ([2, Theorem 3.7]) The following are equivalent.
(i) Proj1A0C = 0. (iii) (AC)0(X) is barrelled.
(ii) (AC)0(X) is ultrabornological. (iv) A satisfies condition (wQ). 
Given a sequence of weightsA=((aN,n)n∈N)N∈N we can also associate a weighted LF-space of continuous
functions defined by
V0C(X) := indn projN C(aN,n)0(X).
Spaces of this type were investigated by Bierstedt, Bonet [6]. It is clear, that V0C(X) ⊆ (AC)0(X) holds
with continuous inclusion. The equality was investigated by Agethen, Bierstedt, Bonet [2] using the
following condition introduced by Vogt [30, Satz 1.1]. We say that the sequence A satisfies condition (B)
if
∀ (n(N))N∈N ⊆ N ∃m ∀M ∃L, c > 0: aM,m 6 c max
N=1,...,L
aN,n(N).
Agethen, Bierstedt, Bonet [2] proved the following result on the forementioned equality of PLB- and
LF-space.
Theorem 2. ([2, Theorem 3.10 and Corollary 3.11]) The following statements hold.
(1) If A satisfies condition (B), then (AC)0(X) = V0C(X) holds algebraically. If, in addition, each
(AN)0C(X) is complete, then the converse also holds.
(2) Assume that each (AN)0C(X) is complete. Then (AC)0(X) = V0C(X) holds algebraically and
topologically if and only if A satisfies conditions (B) and (wQ). 
In the sequel we complement the above by considering the special situation that the domain X is the
product of two topological spaces X1 and X2 and the sequence A is the product of an increasing sequence
(a1N)N∈N defined on X1 and a decreasing sequence ((a2n)−1)n∈N defined on X2. In this special setting we
can associate a weighted Fre´chet space to each of the sequences (a1N)N∈N and (a2n)n∈N and thus draw the
line between properties of the PLB-space and the invariants (DN) and (Ω) for Fre´chet spaces. In order to
do this we have to characterize (DN) and (Ω) in terms of the weights.
3. (DN) AND (Ω) VS. (WQ)
Vogt [29] and Vogt, Wagner [35] introduced the following conditions, which are topological invariants
of Fre´chet spaces. We say that a Fre´chet space E with a fundamental sequence of seminorms (‖ · ‖n)n∈N
satisfies condition (DN), if
∃n ∀m> n, 0 < θ < 1 ∃ k > m,C > 0 ∀ x ∈ E : ‖x‖m 6C‖x‖θk ‖x‖1−θn .
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By Meise, Vogt [22, Lemma 29.10] the latter statement is equivalent to the original formulation [22,
Definition on p. 359] of (DN). According to [22, Definition on p. 367] we say that a Fre´chet space E with
a fundamental sequence of seminorms (‖ · ‖n)n∈N satisfies condition (Ω), if
∀N ∃M > N ∀K >M ∃D > 0, 0 < θ < 1 ∀ y ∈ E ′ : ‖y‖?M 6 D(‖y‖?K)θ (‖y‖?N)1−θ ,
where ‖y‖?n := sup‖x‖n61 |y(x)|. It is well-known (and an immediate consequence of [22, Lemma 29.13])
that replacing the above estimate by the inclusion UM ⊆ rUN +Dr1−1/θ UK (required for each r > 0 and
with Un := {x ∈ E ; ‖x‖n 6 1} for n ∈ N) yields an equivalent formulation of (Ω).
Definition 3. Let A = (an)n∈N be an increasing sequence of weights on a Hausdorff locally compact and
σ -compact topological space X . We say that A satisfies condition (DN)w if
∃n ∀m> n, 0 < θ < 1 ∃ k > m,C > 0 : am 6Caθk a1−θn .
We say that A satisfies condition (Ω)w if
∀N ∃M > N ∀K >M ∃D > 0, 0 < θ < 1 : 1aM 6 D
( 1
aK
)θ( 1
aN
)1−θ
.
Lemma 4. Let A = (an)n∈N be an increasing sequence of weights on a Hausdorff locally compact and
σ -compact topological space X. The Fre´chet space CA0(X) = projn C(an)0(X) satisfies condition (DN) if
and only if the sequence A satisfies (DN)w.
Proof. “⇐” We choose n as in (DN)w. For given m> n, 0< θ < 1 we choose k>m and C > 0 as in (DN)w.
For an arbitrary f ∈CA0(X) we obtain ‖ f‖m = supx∈X am(x)| f (x)|6C supx∈X aθk (x)a1−θn (x)| f (x)|θ+1−θ 6
C supx∈X (ak(x)| f (x)|)θ supx∈X (an(x)| f (x)|)1−θ =C‖ f‖θk ‖ f‖1−θn and hence we have shown (DN).
“⇒” Let x0 ∈ X be fixed. Since X is locally compact, there is a neighborhood filter (Kβ )β∈B for x0 consist-
ing of compact sets. Since X is Hausdorff, ∩β∈B Kβ = {x0}. For each Kβ we choose a function fβ ∈Cc(X)
with fβ (x0) = 1, 0 6 fβ 6 1 and supp fβ ⊆ Kβ . Thus we have ∩β∈B supp fβ = {x0}. Now we consider
the net (supx∈X a(x)| fβ (x)|γ)β∈B ⊆R for some fixed weight a and γ > 0 and obtain supx∈X a(x)| fβ (x)|γ =
supx∈supp fβ a(x)| fβ (x)|γ 6 supx∈supp fβ a(x)→ a(x0) and supx∈X a(x)| fβ (x)|γ > a(x0)| fβ (x0)|γ = a(x0).
Now we select n as in (DN). For given m> n and 0< θ < 1 we choose k>m and C> 0 as in (DN). Now we
fix some x0 ∈X and consider the fβ defined above. We have supx∈X am(x)| fβ (x)|6C supx∈X aθk (x)| fβ (x)|θ
supx∈X a1−θn (x)| fβ (x)|1−θ for each β ∈ B. Taking limits on each side yields the desired inequality, which
finishes the proof since x0 was arbitrary. 
Lemma 5. Let A = (an)n∈N be an increasing sequence of weights on a Hausdorff locally compact and
σ -compact topological X. The Fre´chet space CA0(X) = projn C(an)0(X) satisfies condition (Ω) if and
only if the sequence A satisfies (Ω)w.
Proof. “⇐” We put a := 1aN and b :=
1
aK
and use (cf. [22, proof of Lemma 29.13]) that mins>0(sa +
s1−1/θ b) = θ−1(θ−1−1)θ−1a1−θ bθ holds for arbitrary a and b > 0. We put C := θ−1(θ−1−1)θ−1 > 0
and thus get a1−θ bθ 6 1C (sa+ s1−1/θ b) for each s > 0. Hence we obtain D
( 1
aK
)θ( 1
aN
)1−θ 6 DC (s 1aN +
s1−1/θ 1aK
)
6max
(
2 DC s
1
aN
, 2 DC s
1−1/θ 1
aK
)
for each s> 0. Now we define r = 4 DC s and D
′= 4DC (
C
4D )
1−1/θ
> 0, hence s = C4D r and therefore 2
D
C s
1−1/θ = 4D2C (
C
4D )
1−1/θ r1−1/θ = D
′
2 r
1−1/θ . Replacing D′ with D we
get
(?) ∀N ∃M > N ∀K >M ∃D > 0, 0 < θ < 1 ∀ r > 0 : 1aM 6max
( r
2aN
, Dr
1−1/θ
2aK
)
.
Now we show (Ω) in the second formulation mentioned at the beginning of this section. Let N be given.
We choose M > N as in (?). For given K > M we select D > 0 and 0 < θ < 1 as in (?) and take an
arbitrary r > 0. Let f ∈ UM be fixed, i.e. | f | 6 1aM 6 max
( r
2aN
, Dr
1−1/θ
2aK
)
. By [2, Lemma 3.4] there
exist ϕ1, ϕ2 ∈C(X) with 0 6 ϕ1, ϕ2 6 1, ϕ1 +ϕ2 = f such that |ϕ1|6 raN , |ϕ2|6
Dr1−1/θ
aK
, i.e. ϕ1 ∈ rUN ,
ϕ2 ∈ Dr1−1/θUK and thus f ∈ rUN +Dr1−1/θUK .
“⇒” For a fixed N and for x0 ∈ X we consider δx0 : C(an)0(X)→ C, δx0( f ) := f (x0). Then we have
‖δx0‖?N = sup f∈UN |δx0( f )|= sup f∈UN | f (x0)|6 1aN(x0) . We choose ϕ ∈Cc(X) with ϕ(x0)= 1, 06ϕ 6 1 on
X and put f0 :=
ϕ
aN
. Then f0 ∈C(aN)0(X) and supx∈X aN(x)| f0(x)| = supx∈X aN(x) ϕ(x)aN(x) = supx∈X ϕ(x) =
4
1, i.e. f0 ∈UN . δx0( f0) = f0(x0) = ϕ(x0)aN(x0) =
1
aN(x0)
implies ‖δx0‖?N = 1aN(x0) . (Ω)w is the special case of (Ω)
where we choose the functional to be δx for arbitrary x ∈ X . 
After these preparations we are ready to investigate the situation we mentioned at the end of Section 2:
For i ∈ {1,2} let Xi denote a locally compact and σ -compact Hausdorff topological space. Moreover, let
Ai = (ain)n∈N be an increasing sequence of weights on Xi, i.e. ain 6 ain+1 for all n∈N. We define the double
sequence A= ((aN,n)N∈N)n∈N by setting
aN,n : X1×X2→ R, (x1,x2) 7→ aN,n(x1,x2) :=
[
a1N⊗ 1a2n
]
(x1,x2) =
a1N(x1)
a2n(x2)
.
Thus, A satisfies the estimates aN,n+1(x1,x2) 6 aN,n(x1,x2) 6 aN+1,n(x1,x2) for all N, n and (x1,x2) ∈
X1×X2. In the sequel we refer to a sequence of the latter form by A= A1⊗ (A2)−1. To simplify notation
we put X := X1×X2 and consider the PLB-space (AC)0(X) in the notation established at the beginning of
Section 2. In view of Theorem 1 we investigate if there is some relation between the conditions (DN) and
(Ω) for the Fre´chet spaces C(Ai)0(Xi) and the PLB-space (AC)0(X). According to the results above we
can consider the weight conditions (DN)w, (Ω)w and (wQ).
Proposition 6. Let A1 resp. A2 be an increasing sequence of weights on X1 resp. X2. Assume that A1
satisfies (Ω)w and that A2 satisfies (DN)w. Then the sequence A= A1⊗ (A2)−1 on X1×X2 satisfies (wQ).
Proof. It suffices to show
∀N ∃M > N, n ∀K >M, m ∃ k, S > 0 ∀ (x1,x2) ∈ X1×X2 : a
2
m(x2)
a1M(x1)
6 Smax
( a2n(x2)
a1N(x1)
,
a2k(x2)
a1K(x1)
)
.
In order to do this, let N be given. We select M > N as in (Ω)w and n as in (DN)w. For given K > M
there exist D > 0 and 0 < θ < 1 with the estimate in (Ω)w. For arbitrary m and the same θ there exist
k > m and C > 0 with the estimate in (DN)w. We put S := 2CD and multiply the estimates in (DN)w
and (Ω)w to get
a2m(x2)
a1M(x1)
6CD( a
2
k(x2)
a1K(x1)
)θ ( a
2
n(x2)
a1N(x1)
)1−θ 6CD( a
2
k(x2)
a1K(x1)
+ a
2
n(x2)
a1N(x1)
) 6 Smax( a
2
k(x2)
a1K(x1)
, a
2
n(x2)
a1N(x1)
) for each
(x1,x2) ∈ X1×X2. 
In the light of Theorem 2 it is natural to ask wether there is any relation between the conditions (wQ)
and (B); this was one of the objectives in [36]. In the latter work a variant of the following example was
stated to show that “(wQ)⇒(B)” is not true in general. Proposition 6 yields a very easy way of concluding
that the double sequence A in Example 7 satisfies (wQ); we believe that this is less complicated than the
approach of [36].
Example 7. In general, the assumptions of Proposition 6 do not imply thatA satisfies condition (B). Let s
be the Fre´chet space of rapidly decreasing sequences. Then s = {x ∈KN ; ∀k ∈N : lim j→∞ jk|x j|= 0}=
CA0(N) holds for A = (ak)k∈N with ak( j) = jk by [22, Proposition 28.16]. In particular, s satisfies (DN)
and (Ω), see e.g. Meise, Vogt [22, Section III.29]. Now we consider A= ((aN ⊗a−1n )n∈N)N∈N on N×N,
i.e. (AC)0(N×N) = projN indn C(aN ⊗ a−1n )0(N×N), which satisfies (wQ) by Proposition 6. Straight
forward calculations show that A does not satisfy (B).
Theorem 8. Let A1 resp. A2 be an increasing sequence of weights on X1 resp. X2. Consider the sequence
A= A1⊗ (A2)−1 on X = X1×X2 and assume that C(A1)0(X1) satisfies (Ω) and that C(A2)0(X2) satisfies
(DN). Then (AC)0(X) is ultrabornological.
Proof. The result follows immediately from Lemmas 4 and 5, Proposition 6 and Theorem 1. 
Remark 9. Changing certain quantifiers in the definitions of (DN) and (Ω), the latter turn into the weaker
resp. stronger conditions (DN) and (Ω). For the definition and recent results involving (DN) and (Ω) we
refer to Bonet, Doman´ski [9, 10, 12].
Having (DN) and (Ω) at hand it is easy to see how weight conditions (DN)w and (Ω)w have to be defined in
order to characterize the invariants (DN) and (Ω) for weighted Fre´chet spaces CA0(X). Then it is not hard
to see that Proposition 6 and Theorem 8 are also valid with (DN) resp. (Ω) replaced by (DN) resp. (Ω).
Since a detailed proof for these variants of Proposition 6 and Theorem 8 is straight forward, we ommit it
at this point; a detailed exposition can be found in [37]. However, the results might be of interest in view
of applications and examples.
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4. TENSOR PRODUCT REPRESENTATION
The constructions in the earlier sections already suggest the question, wether the space (AC)0(X) with an
underlying sequence A= A1⊗ (A2)−1 can be realized as the tensor product of a Fre´chet and an LB-space.
In the last section we deduce a representation of this kind, which finally will enable us (see Theorem 11)
to utilize Theorem 8 to prove a criterion for the ultrabornologicity of an ε-tensor product of a weighted
Fre´chet space of continuous functions and a weighted LB-space of continuous functions. For further in-
formation on the general question of determining locally convex properties of tensor products of a Fre´chet
and a DF-space we refer to our comments in Section 1.
In what follows we need the so-called regularly decreasing condition; we refer to Bierstedt, Meise, Sum-
mers [8, Definition 2.1] for the definition and further information.
Proposition 10. Let A1 resp. A2 be an increasing sequence of weights on X1 resp. X2. Consider the double
sequence A = A1⊗ (A2)−1 on X = X1×X2 and assume that V2 = (A2)−1 is regularly decreasing. Then
we have the isomorphism
C(A1)0(X1)⊗ˇε V20C(X2)∼= (AC)0(X),
where C(A1)0(X1) = projn C(a
1
N)0(X1) resp. V
2
0C(X2) = indn C((a
2
n)
−1)0(X2) is a weighted Fre´chet resp.
LB-space of continuous functions.
Proof. We compute
C(A1)0(X1)⊗ˇε V20C(X2) dfn=
(
projN C(a
1
N)0(X1)
)⊗ˇε ( indn C((a2n)−1)0(X2))
(1)
= projN
[
C(a1N)0(X1)⊗ˇε indn C((a2n)−1)0(X2)
]
(2)
= projN indn
[
C(a1N)0(X1)⊗ˇε C((a2n)−1)0(X2)
]
(3)
= projN indn
[
C(a1N⊗ (a2n)−1)0(X1×X2)
]
dfn
= (AC)0(X).
The isomorphy (1) is true in general, see e.g. Jarchow [19, 16.3.2].
(2) can be seen as follows. We have
a. [18, Theorem 4.1]: C(a1N)0(X1) is an ε -space by Hollstein [18, Proposition 2.3],
b. [18, Theorem 4.1.(ii)]: V20C(X2) is quasi-complete, compact-regular (cf. Bierstedt, Meise, Sum-
mers [8, Corollary 2.7]) and all the C((a2n)
−1)0(X2) have the approximation property (cf. Bierstedt
[3, Theorem 5.5.(3)]),
c. [18, Proposition 4.4.(1)]: C(a1N)0(X1) is Banach and V
2
0C(X2) is compact-regular (see b.),
d. [18, Theorem 4.1., 2nd part]: V20C(X2) and all the C((a
2
n)
−1)0(X2) are complete (see b.),
Therefore by Hollstein [18, Theorem 4.1] we have an isomorphism
indn
[
C(a1N)0(X1)⊗ˇε C((a2n)−1)0(X2)
] ∼−→C(a1N)0(X1)⊗ˇε indn C((a2n)−1)0(X2)
for each N. It is easy to see that the latter yields an isomorphism of the corresponding projective limits
and we therefore get the desired isomorphism (2).
Finally, a result of Bierstedt [4, Theorem 1.2] yields an isomorphism
C(a1N)0(X1)⊗ˇε C((a2n)−1)0(X2) ∼−→C(a1N⊗ (a2n)−1)0(X1×X2),
for each N and n which is given by ∑ ji=1 f j⊗gi 7→
[
(x1,x2) 7→ ∑ ji=1 fi(x1)gi(x2)
]
– note that the equality
C(a1N)0(X1)⊗ˇε C((a2n)−1)0(X2) = C(a1N)0(X1) ⊗ε C((a2n)−1)0(X2) follows from Ko¨the [21, §44, 2.(5)],
since both spaces are complete and C((a2n)
−1)0(X2) has the approximation property (see a. above). Again
it is easy to see that the above isomorphisms yield an isomorphism of the corresponding PLB-spaces. This
finally shows (3). 
In the case of sequence spaces, the above tensor product is of the type λ 0(A)⊗ˇε k0(B), i.e. it is the tensor
product of a Ko¨the echelon and Ko¨the coechelon space and thus Proposition 10 can be regarded as an
extension of [2, Lemma 4.3] to continuous functions.
The space considered in Example 7, (AC)0(N×N) with A = ((aN ⊗ a−1n )n∈N)N∈N and ak( j) = jk, is
by Proposition 10 isomorphic to the space s⊗ˇε k0(B) where B = ( j−k) j,k∈N (in this case the regularly
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decreasing condition [7, Definition 3.1] can easily be verified). In fact, (AC)0(N×N) is isomorphic to
s⊗ˇε s′b as Corollary 14 below will show.
Theorem 11. Let A1 resp. A2 be an increasing sequence of weights on X1 resp. X2. Assume that V2 =
(A2)−1 is regularly decreasing, that C(A1)0(X1) satisfies (Ω) and that C(A2)0(X2) satisfies (DN). Then the
ε -tensor product C(A1)0(X1)⊗ˇε V20C(X2) of a Fre´chet space and a DF-space is ultrabornological.
Proof. The result follows directly from Theorem 8 and Proposition 10. 
Remark 12. In view of Remark 9 it is clear that Theorem 11 is also valid if we replace (DN) resp. (Ω) by
(DN) resp. (Ω). Again we refer to [37] for details. 
In the case of sequence spaces the meaning of Theorem 11 and Remark 12 is the following: Let A =
(an)n∈N be a Ko¨the matrix and B = (bn)n∈N be a decreasing sequence of strictly positive functions on N
which is regularly decreasing. Put B−1 = (b−1n )n∈N. Assume that λ 0(A) satisfies (Ω) and λ 0(B−1) satifies
(DN) or that λ 0(A) satisfies (Ω) and λ 0(B−1) satisfies (DN). Then the two statements above imply that
the space λ 0(A)⊗ˇε k0(B) is ultrabornological. The latter follows also from the results in [2, Section 4] and
Proposition 6, since in [2, Section 4] ultrabornologicity of the space λ 0(A)⊗ˇε k0(B) was characterized via
condition (wQ). Let us add that in the case of sequence spaces, B is regularly decreasing if and only if
λ 0(B−1) is quasinormable and that this is equivalent to condition (wS) of Bierstedt, Meise, Summers, see
[7, Proposition on p. 48 and Proposition 3.2].
The setup of this section, in particular the fact that in Theorem 11 and Remark 12 one of the assumptions
is an assumption on the space C(A2)0(X2) whereas the conclusion affects the space V20C(X2) with V
2 =
(A2)−1, suggests the question if in the latter statements V20C(X2) can be replaced by C(A
2)0(X2)′b or if
dually C(A2)0(X2) can be replaced by V20C(X2)
′
b.
For sequence spaces we have (in the notation above) k0(B)′b ∼= λ 1(B−1), see [5, Proposition 2.10]. If now
k0(B)′b satisfies (DN), the same is true for λ
1(B−1) and we can utilize [22, Exercise 29.8] in combination
with arguments similar to the proof of [22, Lemma 29.10] to obtain that the Ko¨the matrix B−1 satisfies
(DN)w. Then Lemma 4 implies that λ 0(B−1) satisfies (DN). Thus, in the case of sequence spaces our
second question can be answered positively as follows.
Corollary 13. Let A = (an)n∈N be a Ko¨the matrix and B = (bn)n∈N be a decreasing sequence of strictly
positive functions on N which is regularly decreasing. Assume that λ 0(A) satisfies (Ω) and k0(B)′b satifies
(DN) or that λ 0(A) satisfies (Ω) and k0(B)′b satisfies (DN). Then the space λ
0(A)⊗ˇε k0(B) is ultra-
bornological. 
In view of the second question, we have λ 0(B−1)′b ∼= k1(B), see [5, Proposition 2.10]. Moreover, if
λ 0(B−1) or equivalently λ 0(B−1)′b, is nuclear then k
1(B)∼= k0(B) is valid (cf. [5, remark after Proposition
2.15]) and hence also our first question admits a positive answer in the case of (nuclear) sequence spaces.
Let us add at this point that nuclearity of λ 0(B−1) is equivalent to B satisfying the Grothendieck-Pietsch
condition (N), see [7, Remark after Theorem 5.4], which implies the regularly decreasing condition by [7,
Remark after Theorem 5.4 and Proposition 4.8].
Corollary 14. Let A = (an)n∈N and B = (bn)n∈N be Ko¨the matrices such that λ 0(B), or equivalently its
strong dual, is nuclear. Assume that λ 0(A) satisfies (Ω) and λ 0(B) satifies (DN) or that λ 0(A) satisfies
(Ω) and λ 0(B) satisfies (DN). Then the space λ 0(A)⊗ˇε λ 0(B)′b is ultrabornological. 
In the general case of continuous functions, an analogon of Corollary 13 can be proved under the additional
assumption that both factors of the tensor product are Schwartz and that one of them is nuclear – this is
achieved by using the results [26, Theorem 6 and Theorem 9] of Piszczek (compare with Doman´ski [15,
Corollary 5.6]) on tensor products of PLS-spaces.
Proposition 15. Let A be an increasing and V be a decreasing sequence of weights on X1 resp. X2. Assume
that the spaces CA0(X1) and V0C(X2) are Schwartz and that one of them is nuclear. If CA0(X1) satisfies
(Ω) and V0C(X2)′b satifies (DN) or CA0(X1) satisfies (Ω) and V0C(X2)
′
b satisfies (DN), then the ε-tensor
product CA0(X1)⊗ˇε V0C(X2) is ultrabornological.
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Proof. Our general assumptions imply that CA0(X1) and V0C(X2) both enjoy the dual interpolation esti-
mate for big θ (in the case of (DN) and (Ω)) or small θ (in the case of (DN) and (Ω)), cf. [26, Proposition
1]. With [26, Theorem 6 resp. Theorem 9] our nuclearity assumptions imply that CA0(X1)⊗ˇε V0C(X2) has
the dual interpolation estimate for small or for big θ . Since CA0(X1) and V0C(X2) are ultrabornological
PLS-spaces, their completed ε-tensor product is a PLS-space, cf. [26, remarks at the end of Section 2].
Thus, CA0(X1)⊗ˇε V0C(X2) is ultrabornological by Bonet, Doman´ski [11, Corollary 1.2.(c)]. 
In view of the arguments previous to Corollary 13, the sequence space case of Proposition 15 implies the
sequence space cases of Theorem 11 and Remark 12, if we assume that λ 0(A) and λ 0(B−1) are Schwartz
and that one of them is nuclear. In fact, the assumptions of Proposition 15 already imply X1 ∼= X2 ∼= N as
the next statement shows.
Remark 16. Let X be a Hausdorff locally compact and σ -compact space. Let A = (an)n∈N be an increas-
ing sequence of weights on X and let CA0(X) = projn C(an)0(X) be Schwartz. Then X ∼= N, where N is
endowed with the discrete topology. The same conclusion is valid if we replace CA0(X) by V0C(X) =
indn C(vn)0(X) for a decreasing sequence V= (vn)n∈N of weights.
Proof. Let K ⊆ X be compact and consider the restriction map q : CA0(X) → C(K). With the def-
inition C := supx∈K 1/a1(x) we have a1C > 1 on K and thus supx∈K | f (x)| 6 C supx∈K a1(x)| f (x)| 6
C supx∈X a1(x)| f (x)| for each f ∈ CA0(X), i.e. q is continuous if we endow C(K) with the sup-norm.
Hence, q induces an isomorphism CA0(X)/kerq ∼= C(K) and thus C(K) is a Schwartz space by [22,
24.18]. But C(K) is also a Banach space, whence it is finite dimensional which in turn implies that K
is finite (for infinite K it is not hard to construct an infinite set of continuous functions which is linearly
independent); in particular, K has to carry the discrete topology. Now the conclusion follows since we
assumed that X is σ -compact. In the case of V0C(X) we may use the same arguments; the continuity of
the restriction maps follows from the universal property of the inductive limit (e. g. [22, 24.7]). 
To conclude, let us point out that Theorem 11 and Remark 12 clearly are more general in the case of
weighted spaces of continuous functions whereas the results of Piszczek and Doman´ski which leaded us
to Proposition 15 provide a general theory for (nuclear) PLS-space.
ACKNOWLEDGEMENTS. This article arises from a part of the author’s doctoral thesis which was supervised by Klaus D. Bierstedt
and Jose´ Bonet. The author thanks both of them for all their advice, helpful remarks and valuable suggestions. In addition, the
authour likes to thank the referee for the correction of an error in Lemma 5, for pointing out the relation of this work to the recent
papers of Piszczek and Doman´ski and for his comments on the authors original proof of Proposition 6 (which was inspired by that of
Vogt [32, Theorem 5.1] and involved slightly different but equivalent versions of (DN)w and (Ω)w), which leaded to a simplification
of the presented results and in particular of the forementioned proof.
REFERENCES
[1] Agethen, S. (2004). Spaces of continuous and holomorphic functions with growth conditions, Dissertation Universita¨t Pader-
born.
[2] Agethen S., Bierstedt K. D., Bonet J. (2009). Projective limits of weighted (LB)-spaces of continuous functions,
Arch. Math. (Basel) 92, no. 5, 384–398.
[3] Bierstedt K. D. (1973). Gewichtete Ra¨ume stetiger vektorwertiger Funktionen und das injektive Tensorprodukt. I, J. Reine
Angew. Math. 259, 186–210.
[4] Bierstedt K. D. (1974). Injektive Tensorprodukte und Slice-Produkte gewichteter Ra¨ume stetiger Funktionen, J. Reine
Angew. Math. 266, 121–131.
[5] Bierstedt K. D. (1988). An introduction to locally convex inductive limits, Functional Analysis and its Applications (Nice,
1986) 35–133, ICPAM Lecture Notes, World Sci. Publishing, Singapore, 35–133.
[6] Bierstedt K. D., Bonet J. (1994). Weighted (LF)-spaces of continuous functions, Math. Nachr. 165, 25–48.
[7] Bierstedt K. D., Meise R., Summers W. H. (1982). Ko¨the sets and Ko¨the sequence spaces, pp. 27–91 in Functional analysis,
holomorphy and approximation theory (Rio de Janeiro, 1980), North-Holland Math. Stud. 71.
[8] Bierstedt K. D., Meise R., Summers W. H. (1982) A projective description of weighted inductive limits,
Trans. Amer. Math. Soc. 272, no. 1, 107–160.
[9] Bonet, J., Doman´ski, P. (2001). Parameter dependence of solutions of partial differential equations in spaces of real analytic
functions, Proc. Amer. Math. Soc. 129, no. 2, 495–503.
[10] Bonet, J., Doman´ski, P. (2006). Parameter dependence of solutions of differential equations on spaces of distributions and the
splitting of short exact sequences, J. Funct. Anal. 230, no. 2, 329–381.
[11] Bonet, J., Doman´ski, P. (2007). The stucture of spaces of quasianalytic functions of Romieu type, Arch. Math. (Basel) 89,
no. 5, 430–441.
[12] Bonet, J., Doman´ski, P. (2008). The splitting of exact sequences of PLS-spaces and smooth dependence of solutions of linear
partial differential equations, Adv. Math. 217, no. 2, 561–585.
8
[13] Braun, R., Vogt, D. (1997). A sufficient condition for Proj 1X= 0, Michigan Math. J. 44, no. 1, 149–156.
[14] Doman´ski, P. (2004). Classical PLS-spaces: spaces of distributions, real analytic functions and their relatives, Orlicz centenary
volume, Banach Center Publ. 64, 51–70.
[15] Doman´ski, P. (2010). Real analytic parameter dependence of solutions of differential equations, Rev. Mat. Iberoamericana 26,
174–238.
[16] Frerick, L., Wengenroth, J. (1996). A sufficient condition for vanishing of the derived projective limit functor,
Arch. Math. (Basel) 67, no. 4, 296–301.
[17] Grothendieck, A. (1955). Produits Tensoriels Topologiques et Espaces Nucle´aires, Mem. Am. Math. Soc. 16.
[18] Hollstein, R. (1980). Inductive limits and ε-tensor products, J. Reine Angew. Math. 319, 38–62.
[19] Jarchow, H. (1981). Locally Convex Spaces, B. G. Teubner, Stuttgart.
[20] Ko¨the, G. (1969). Topological vector spaces. I, Grundlehren der math. Wiss. 159, Springer-Verlag, New York.
[21] Ko¨the, G. (1979). Topological vector spaces. II, Grundlehren der math. Wiss. 237, Springer-Verlag, New York.
[22] Meise, R., Vogt, D. (1997). Introduction to Functional Analysis, Oxford Graduate Texts in Math. 2, The Clarendon Press,
Oxford University Press, New York.
[23] Palamodov, V. P. (1968). The projective limit functor in the category of topological linear spaces, Mat. Sb. 75, 567–603 (in
Russian), English transl. Math. USSR Sbornik 17, 189–315.
[24] Palamodov, V. P. (1971). Homological methods in the theory of locally convex spaces, Uspekhi Mat. Nauk 26(1), 3–66 (in
Russian), English transl., Russian Math. Surveys 26(1), 1–64.
[25] Pe´rez Carreras, P., Bonet, J. (1987). Barrelled Locally Convex Spaces, North–Holland Mathematics Studies 113.
[26] Piszczek, K. (2010). On a property of PLS-spaces inherited by their tensor products, Bull. Belg. Math. Soc. Simon Stevin 17,
155–170.
[27] Retakh, V. S. (1971). Subspaces of a countable inductive limit (English transl.), Soviet Math. Dokl. 11, 1384–1386.
[28] Varol, O. (2007). A generalization of a theorem of A. Grothendieck, Math. Nachr. 280, no. 3, 313–325.
[29] Vogt, D. (1977). Charakterisierung der Unterra¨ume von s, Math. Z. 155, no. 2, 109–117.
[30] Vogt, D. (1983). Fre´chetra¨ume zwischen denen jede stetige lineare Abbildung beschra¨nkt ist, J. Reine Angew. Math. 345,
182–200.
[31] Vogt, D. (1987). Lectures on projective spectra of (DF)-spaces, Seminar lectures, Wuppertal.
[32] Vogt, D. (1987). On the functors Ext1(E,F) for Fre´chet spaces, Studia Math. 85, no. 2, 163–197.
[33] Vogt, D. (1989). Topics on projective spectra of (LB)-spaces, Adv. in the Theory of Fre´chet spaces (Istanbul, 1988), NATO
Adv. Sci. Inst. Ser. C 287, 11–27.
[34] Vogt, D. (1992). Regularity properties of (LF)-spaces, Progress in Functional Analysis, Proc. Int. Meet. Occas. 60th Birthd. M.
Valdivia, Pen˜A˜scola/Spain, North-Holland Math. Stud. 170, 57–84.
[35] Vogt, D., Wagner, M.-J. (1980). Charakterisierung der Quotientenra¨ume von s und eine Vermutung von Martineau, Studia
Math. 67, no. 3, 225–240.
[36] Wegner, S.-A. (2007). Inductive kernels and projective hulls for weighted (PLB)- and (LF)-spaces of continuous functions,
Diplomarbeit Universita¨t Paderborn.
[37] Wegner, S.-A. (2010). Projective limits of weighted (LB)-spaces of holomorphic functions, PhD-thesis, Universidad Polite´cnica
de Valencia.
[38] Wengenroth, J. (2003). Derived Functors in Functional Analysis, Lecture Notes in Mathematics 1810, Springer, Berlin.
9
